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Born-Oppenheimer Approximation

central to chemistry

separation slow (nuclear) and fast (electronic) motion

light electrons: QM (HF, DFT, ...), classical (MM)
heavy nuclei: QM (wavepacket/grid), classical (MD)

crux: nuclei move on single electronic PES
large energy gap between electronic states
derivation of Born-Oppenheimer
terms couple nuclear motion on different electronic PES

break down of Born-Oppenheimer approximation
small energy gap between electronic states

near surface crossings (degeneracies)

radiationless transition

adiabatic and diabatic electronic states



Born-Oppenheimer Approximation

molecular Schrodinger equation (stationary)
HY = BV

molecular Hamilton operator
H:TN+T6—|—U(P,R)
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Born-Oppenheimer Approximation

molecular Hamilton operator
H:TN+T6—|—U(F,R)

step |:clamped nuclei

separation of fast and slow degrees of freedom
Ty =0
always possible, not an approximation!

wrong choice: strong coupling between ‘fast’ and ‘slow’ motions

consider only electronic degrees of freedom
H =T.+U(r,R)
electronic Schrodinger equation in field of fixed nuclei
Hei(r; R) = Vi(R)yi(r; R)
i >1: Cl, SA-CASSCFE MRCI



Born-Oppenheimer Approximation

electronic Schrodinger equation in field of fixed nuclei
Hi(r; R) = V;(R)¥;(r; R)

electronic potential energy surface (PES)




Born-Oppenheimer Approximation

electronic Schrodinger equation in field of fixed nuclei

diagonalize electronic Hamiltonian
H;(r; R) = V;(R);(r; R)
solution form orthogonal basis

adiabatic electronic states

(Wil;) = /_ Vi (r; R)™ 4 (r; R)dr = 055



Born-Oppenheimer Approximation

electronic Schrodinger equation in field of fixed nuclei

diagonalize electronic Hamiltonian
H;(r; R) = V;(R);(r; R)
solution form orthogonal basis

adiabatic electronic states
Wilv) = [ R R =

Born representation: expansion in electronic basis

expansion coefficients are nuclear wave functions

ZX] )¥;(r; R),

no approximations so far!



Born-Oppenheimer Approximation

molecular wave function in Born representation

ZXJ )i (r; R),
Hew’i(r?R)_ ’L( )¢Z(P7R)

molecular hamiltonian
H:TN—I—TG—I—U(P,R) :TN—I—He(R)



Born-Oppenheimer Approximation

molecular wave function in Born representation

ZX] )i (r; R),
HG%(I‘?R)— Vi(R)y;(r; R)

molecular hamiltonian
H:TN+T€—|—U(P,R) :TN—I—HG(R)

substitute and multiply from left by(¥i| and integrate

Z<¢2|H|¢J>XJ EZ vili)x; (R)

J
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Born-Oppenheimer Approximation

substitute and multiply from left by (%] and integrate

> (Wi Hps)x; (R EZ Yili)x; (R)

J

using short-hand notation

Hi;(R) = Wz(r R)\HWJ(I‘ R)>

coupled differential equatlons

Z H;;(R)x;(R) = Ex:(R)



Born-Oppenheimer Approximation

matrix elements of nuclear kinetic energy operator

(Wil Tnly) = 57 (| VE ;)

= I ((4|Vr| [VRY5]) + (0| VRI¥;) VR)

= I (i [ VaYs)) + (W] [VRY;)) VR+

(¥s| [VRY;]) VR + (Yil1h;) VR)

= S (Wl [ Vi) + 206 [VRY) Vi + (:l5) V)
= 5 (Gij + 2FVR) + Ty

= Tn0ij — Nyj



Born-Oppenheimer Approximation

substitute and multiply from left by (%i| and integrate

Z H;;(R)x;(R) = Exi(R)

collect all couplings in special operator
H;;(R) =Ty + Vi(R)] 6i5 — Asj



Born-Oppenheimer Approximation

substitute and multiply from left by (¥i| and integrate
> Hij(R)x;(R) = Ex;(R)
J

collect all couplings in special operator
H;;(R) =[Tn 4+ Vi(R)]0;; — Ay
coupled equations

coupling between nuclear motion on different electronic PES
coupling due to nuclear kinetic energy operator operating on electrons

kind of resonance with energy exchange

In +Vi(R Z Aijx;(R) = Exi(R)



Born-Oppenheimer Approximation

coupled equations
Tn + Vi(R Z Aijx;(R) = Exi(R)

non-adiabatic couplmg operator matrix elements

with elements

Fi;(R) = (¢;(r;R)|[VR, ¥ (r; R))

Gij(R) = (¢i(r;R)| VR, ¥;(r; R))



Born-Oppenheimer Approximation

coupled equations

0
Tn + Vi(R Z ANiix;(R) = Zh(?t xi(R)

non-adiabatic coupllng operator matrix elements

Z

with elements

F,Z- (R) = (¥i(r; R)|VR, ¥, (r; R))non-adiabatic coupling vector

G,]fj (R) = (¢;(r; R)|V%{k¢] (r; R)) scalar coupling



Born-Oppenheimer Approximation

coupled equations

0
Tn + Vi(R Z ANiix;(R) = Zh(?t xi(R)

non-adiabatic coupllng operator matrix elements

Z

with elements

Ffj (R) = (¥i(r; R)|VR, ¥, (r; R))non-adiabatic coupling vector

ij (R) = (¢;(r; R)|V%{k¢] (r;R)) scalar coupling
inversely proportional to nuclear mass!

small terms due to mass difference, but...



Born-Oppenheimer Approximation
non-adiabatic coupling vector
Fi;(R) = (¢i(r;R)| VR, ¥ (r;R))

electronic basis functions orthogonal:

VR (¢i(r; R)[HC[th; (r; R)) = VR V;6;; = 0



Born-Oppenheimer Approximation

non-adiabatic coupling vector
Fi;(R) = (¢i(r; R)| VR, ¥ (r; R))
electronic basis functions orthogonal:
Ve (0i(r; R)| H|¢h;(r; R)) = VRV = 0
silly:
0 = (Vr¥i(r;R)[H|Y;(r; R))+

(i (r; R)[VRH® |9 (r; R))+

(Wi(r; R)[H[VRY;(r; R))



Born-Oppenheimer Approximation

non-adiabatic coupling vector
Fi;(R) = (¢i(r;R)|VR,¥;(r; R))
electronic basis functions orthogonal:
V(¥ (r; R)| H[¢; (r; R)) = VRV;di; = 0

silly:
0 = Vi(Vr¥i(r;R)[¢;(r;R))

(i (r; R)[VRHC |9 (r; R))+

Vi(¥i(r; R)|[VRY;(r; R))



Born-Oppenheimer Approximation
silly:

0 = Vi(Vr¢i(r;R)[¢h;(r; R))+
(i (r; R) VR H[1p;(r; R))+
Vi(i(r; R)|[VR;(r; R))
even more silly:
Ve (¢ilt(r;R)) =0
(Vri[1;(r; R)) + (¢ VR (r; R)) = 0

(VRYi|Y;(r; R)) = —(¥i| VR, (r; R))



Born-Oppenheimer Approximation
silly:

0 = V(TR iR

~ -

(i(r; R)[VRH | (r; R))+
Vi(¥i(r; R)|[Vr 1 (r; R))
even more silly:
Ve (¢ilt(r;R)) =0
(Ve |9 (r; R)) + (i Ve (r; R)) = 0

(VR |1 (r; R)) = < - )>

e < oo p:



Born-Oppenheimer Approximation
silly:

P = TV RIVRy n T

N g P =
R R L7 o

(¥i(r; R)[VRH[h; (r; R))+
Vi(¥i(r; R)[ VR (r; R))
even more silly:
Ve (¢ilt(r;R)) =0
(Ve |9 (r; R)) + (i Ve (r; R)) = 0

(VR |1 (r; R)) = < )>

e < oo p:



Born-Oppenheimer Approximation

non-adiabatic coupling vector

F;;(R) = (¢i(r; R)| VR, ¥;(r; R))
with:

0 = —V;(i(r;R)|[VrRY;(r;R))+

(Wi(r; R)|VRH® |9, (r; R))

Vi(¢i(r; R)|VRY;(r; R))

re-arrange into

pi(r; R) VR, H|; (r; R))
Vi — Vi

Fij(R) = -

... coupling inversely proportional to energy gap!



Born-Oppenheimer Approximation

non-adiabatic coupling vector

by - (i R) VR, He ;i (r; R))
F.(R) = ——
Important:
(i (s R)[H|4b; (r; R)) = V03
but

(Vi (r; R)[VRH|¢;(r;R)) # 0



Born-Oppenheimer Approximation

non-adiabatic coupling matrix element

Fi;(R) = (¢i(r;R)| VR, ¥ (r; R))
no diagonal elements
Ff@(R) =0
because

VR (Vi|Yi) = 0
(VRYi|Y) + (¥i|VRY;) = 0

(Vi|VrY) + c.c =



Born-Oppenheimer Approximation

nuclear Schrodinger in Born representation

Tn + Vi(R Z Aijx;(R) = Exi(R)

coupling between nuclear wavefunctions on different PES



Born-Oppenheimer Approximation

nuclear Schrodinger in Born representation

Ty + Vi(R Z Aijx;(R) = Exi(R)

coupling between nuclear wavepackets on different PES
Born-Oppenheimer approximation: A = A;;

Tn + Vi(R) + Aii]xi(R) = Exi(R)

nuclear wavepackets restricted to single electronic PES




Born-Oppenheimer Approximation

nuclear Schrodinger in Born representation

TN+ Vi(R Z Aijx;(R) = Exi(R)

coupling between nuclear wavepackets on different PES
Born-Oppenheimer approximation: A = A;;

In +Vi(R) + Ayl (R) = Exs(R)

nuclear wavepackets restricted to single electronic PES
U (R, 1) = xi(R)Yi(r; R)

adiabatic approximation: A =0

In +Vi(R)|x:i(R) = Exi(R)

mostly used in quantum chemistry



Born-Oppenheimer Approximation

nuclear Schrodinger in Born representation

Tn + Vi(R Z Aijx;j(R) = Exi(R)

using atomic units and scaled coordinates

T = 2
N AL
1
Aij 2M (QFZD7 Vr + Gw))

= (Vi VRY;)  Gij = (i VRY;)



Born-Oppenheimer Approximation

using atomic units and scaled coordinates
1

IN =" Vi
1
AZ] 2M (QFZ] VR + GZ])

= (Vi| VRY;)  Gij = (¥i| VRY;)
using the relation

G=Vgr-F+F F

one arrives at

1
2M

|
T
<

(VR +F)*+V|x




Born-Oppenheimer Approximation

nuclear Schrodinger in vector notation

. _
F) +V|x=F
. 57 (VR EF)T | X = EX
dressed kinetic energy operator
- 1
I'n = Wi (Vr + F)° Fij = ($ilVRY;)

non local & non diagonal
couples nuclear dynamics on multiple electronic PES

induces radiationless transitions!

potential energy operator
local & diagonal

no coupling



Born-Oppenheimer Approximation

non-adiabatic coupling vector

(Wi(r; R)[VR, H°|9;(r; R))

F (R) =
Z]( ) V]_‘/;

inversely proportional with gap!

break down of adiabatic approximation!



Born-Oppenheimer Approximation

non-adiabatic coupling vector

i(r; R) VR, H [ (r; R))
Vi— Vi

Fi(R) = |

inversely proportional with gap!

break down of adiabatic approximation!

non-adiabatic dynamics

multiple surfaces

branching
interference/coherence St

reactant intersection product
photochemlstry reaction coordinate

intersection between adiabatic surfaces



Born-Oppenheimer Approximation

adiabatic electronic basis
diagonal & local potential matrix
Wil H[5) = 043V
non-diagonal & non-local nuclear kinetic energy matrix
1 y
(il T y) = =577 (Ve + (il VRIY)

2M
coupling in F




Born-Oppenheimer Approximation

adiabatic electronic basis
diagonal & local potential matrix
Wil H[5) = 043V
non-diagonal & non-local nuclear kinetic energy matrix
1 2
(Wil Tx|5) = =577 (VR + (il VRIY;)

2M
coupling in F

diabatic representation

non-diagonal & local potential matrix
(pil HC |p5) = Wij

coupling in W
diagonal nuclear kinetic energy matrix
0i j
J 72
(il Tnlej) = VR

2M



Born-Oppenheimer Approximation

diabatic electronic basis

electronic character preserved

energy

Interatomic distance



Born-Oppenheimer Approximation

diabatic electronic basis

electronic character preserved

adiabatic electronic basis

electronic character mixed

energy
energy

Interatomic distance Interatomic distance



Born-Oppenheimer Approximation

diabatic representation

non-diagonal & local potential matrix
(il H®|@j) = Wi

diagonal nuclear kinetic energy matrix

034

2M

molecular Hamiltonian
H;; =Tnovg + W,

molecular Schrodinger equation

Z Hiix; =1TNx: + Z Wiix; = EX;
J J

(CilIN|p;) = Vi

Hxy = |TnI+ W(R)| x = Ex



Born-Oppenheimer Approximation

construction of diabatic basis

unitary transformation for each nuclear configuration

pi(r;R) = Z%’(I‘; R)U;i(R)



Born-Oppenheimer Approximation

construction of diabatic basis

unitary transformation for each nuclear configuration
0i(r;R) = ) 1 (r; R)U;:(R)
J

construction of diabatic Hamiltonian

potential matrix

W =U'VU

kinetic energy (diagonal)
TnI=UTTNU



Born-Oppenheimer Approximation

construction of diabatic basis

unitary transformation for each nuclear configuration

SOZI'R ijrR J’& )

construction of diabatic Hamiltonian

kinetic energy (diagonal)
T¢1=UTxU

dressed kinetic energy operator

2]1\4 (Vi + F)° F;; = (Y;|VrY;)

transformation should nullify non-adiabatic coupling

Ty =




Born-Oppenheimer Approximation

construction of diabatic Hamiltonian

dressed kinetic energy operator

1
2M

Ty = (Vi + F)? Fij = (i VRY;))

transformation should nullify non-adiabatic coupling



Born-Oppenheimer Approximation

construction of diabatic Hamiltonian

dressed kinetic energy operator

- 1
T =
N oM

(Vi + F)° Fi; = (| VrY;)

transformation should nullify non-adiabatic coupling
PilVrRe;) = 2k 2 Ui (R) Wk VRU; (R)41)
= 2 220 Uik (R [¥) VR U5 (R) + Ui (R) (Y| VR [101) Uy (R)]

= 2 Uik VRUk; + 2. 2 Uie(R) (V| VR (Y1) Ui (R)



Born-Oppenheimer Approximation

construction of diabatic Hamiltonian

dressed kinetic energy operator

1
2M

Ty = (Vi + F)? Fij = (Yi|VRY))

transformation should nullify non-adiabatic coupling
@il V) = 25 22 Ui (R) (x| VRU; (R) V)
= 2k 20 [Us(R@Wr[Y) VRU; (R) + Uik (R)(9x | VR[11) Ul (R)]
= 2k U VRUkj + 22 22 Ui (R) (Y[ VR|9) Ui (R)
find U such that
U'FU+U"'VRU =0




Born-Oppenheimer Approximation

derivation

separation between fast and slow degrees of

nuclei move on single adiabatic PES

ignore non-adiabatic coupling ation!
appro*

breakdown

small energy gap between electronic PES

at intersections infinite non-adiabatic coupling

nuclear displacement couple different adiabatic states

highly complicated nuclear wavefunction

switch to diabatic basis
only electronic coupling

unitary transformation



Conical Intersection

surface crossings

funnels for photochemical reactions

conditions for crossing

adiabatic representation
two coordinates needed to locate intersection

two coordinates needed to lift degeneracy

topology of intersection
double cone

2N-8 dimensional hyperline

properties of intersection
Berry phase

singularity due to separation between electronic and nuclear motion

compensated by nuclear wavefunction (complicated!)



Conical Intersection

adiabatic surfaces
H;(r;R) = V;(R)¢i(r; R)

can cross (are degenerate)
Vi(R) = V;(R)

S,/S, seam

radiationless decay
trans

minimum

>
(@)

b
()
C
)




photoisomerization in bacteriorhodopsin

excited state decay via S|/So conical intersection

o/l wm
e
Yy
P

CASSCF/OPLS & diabatic hoppin




Mmolecular motors




Mmolecular motors




Conical Intersection

adiabatic surfaces
HYi(r; R) = Vi(R)¢i(r; R)
can cross (are degenerate)
Vi(R) = V;(R)



Conical Intersection

adiabatic surfaces
H*i(r; R) = Vi(R)9;i(r; R)
can cross (are degenerate)
Vi(R) = V;(R)
break-down of Born-Oppenheimer

non-adiabatic coupling becomes infinite!
(Wi(r; R)| VR, H|Y;(r; R))

F (R) =
’L]( ) ‘/:7_‘/;



Conical Intersection

adiabatic surfaces
H;(r; R) = Vi(R)¢i(r; R)
can cross (are degenerate)
Vi(R) = V;(R)
break-down of Born-Oppenheimer

non-adiabatic coupling becomes infinite!

(Wi(r; R)|VR, H|¢;(r; R))
Vi =V,

F?j(R) —

switch to diabatic basis
no non-adiabatic coupling

back to adiabatic basis by diagonalizing W



Conical Intersection

degeneracy between two electronic states at Ro
V1(Rp) = Va(Ryp)

construct mixed diabatic/adiabatic basis at Rg

via unitary transformation

{9027 ¥1, ng “vey Zpn}

orthonormal

(Wils) = 05 (prles) =01 (prlv;) =0



Conical Intersection

degeneracy between two electronic states at Ro
V1(Rp) = Va(Ryp)

construct mixed diabatic/adiabatic basis at Rg

via unitary transformation

{2, 01,3, s Vn }
orthonormal
Wilhs) = i (erles) =015 (erl;) =0
diabatic and adiabatic energies for two lowest states
E1(Ro) = E2(Ro) = Vi(Ro) = Vi(Ryo)



Conical Intersection

degeneracy between two electronic states at Ro
V1(Rp) = Va(Ryp)

construct mixed diabatic/adiabatic basis at Rg

via unitary transformation

{9027 ¥1, ¢37 “vey Zpn}

orthonormal
Wilvs) = 0i5 (prles) =015 (prlp;) =0
diabatic and adiabatic energies for two lowest states
E1(Ro) = E2(Ro) = Vi(Ro) = Vi(Ro)
adiabatic wavefunctions

1 = c11p1 + C1202 o = €211 + C22p2



Conical Intersection

degeneracy between two electronic states at Ry

Vi(Rg) = V2(Ry)
transformation to mixed diabatic/adiabatic basis at Ry

diabatic electronic energies
F1(Rg) = E>(Rg) = Vi(Rp) = V1 (Ry)
W(Ry) = V(Rp)



Conical Intersection

degeneracy between two electronic states at Ry

Vi(Ro) = Va(Ry)
transformation to mixed diabatic/adiabatic basis at Ry

diabatic electronic energies
E1(Ro) = E2(Rg) = Vi(Ro) = Vi(Ro)
W(Ro) = V(Ro)
Wij = Hij = (pi H"|p;)



Conical Intersection

degeneracy between two electronic states at Ry

Vi(Ro) = Va(Ry)
transformation to mixed diabatic/adiabatic basis at Ry

diabatic electronic energies
E1(Ro) = E2(Rg) = Vi(Ro) = Vi(Ro)
W(Ro) = V(Ro)
Wij = Hij = (pi H"|p;)

Hi1(Ro) Hi2(Rg)
W(Ro) = ( Hi2(Ro) Ha2(Ro) )



Conical Intersection

degeneracy between two electronic states at Ry

diabatic electronic energies

Hi1(Ro) Hiz2(Ro)
W(Ro) = ( Hi2(Ro) Ha2(Ro) >



Conical Intersection

degeneracy between two electronic states at Ry

diabatic electronic energies

Hi1(Ro) Hiz2(Ro)
W(Ro) = ( Hi2(Ro) Ha2(Ro) >

adiabatic electronic energies

diagonalize W

Hy, +H Hii — Hyp \°
V1(Ro):< 11;— 22)\/( 112 22) +H122




Conical Intersection

degeneracy between two electronic states at Ry

diabatic electronic energies

Hi1(Ro) Hiz2(Ro)
W(Ro) = ( Hi2(Ro) Ha2(Ro) >

adiabatic electronic energies

diagonalize W

Hy, +H Hii — Hyp \°
V1(Ro):< 1142- 22)\/( 112 22> +H122

Hy, +H Hii — Hop\
VQ(RO):< 11;— 22>_|_\/< 112 22) +H122

degeneracy (crossing) if
Hyy = Hoo N Hi2 =0

independent: TWO coordinates required to locate degeneracy

degeneracy preserved in N-8 remaining internal coordinates



Conical Intersection

topology of intersection
expand W around Ry

WR -Ry) =W 4+ wlh - w® o
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topology of intersection
expand W around Ry

WR -Ry) =W 4+ wlh - w® o

zeroth order term

__Ep—FEnx 0
W(O)EA+EB1_|_( 2 )

2 Ep—F
O B2 A




Conical Intersection

topology of intersection
expand W around Ry

WR -Ry) =W 4+ wlh - w® o

zeroth order term

_Ep—FEa4 0
W(O)EA+EB1_|_( 2 )

2 Eg—E
O B2A

offset, set to zero for convenience

w =0



Conical Intersection

topology of intersection
expand W around Ry

WR -Ry) =W 4+ wlh - w® o

zeroth order term

__Ep—FEnx 0
W(O)EA+EB1_|_( 2 )

2 Ep—F
O B2 A

offset, set to zero for convenience
w =0

first order term

N VR (H11—2FH22) AR + Vg (Hn;sz) AR Ve His - AR
W __
) AR

VrHis - AR VR (M) 'AR_VR(Hll_H22

2 2

AR =Ry — R



Conical Intersection

topology of intersection

first order term

(1) Vg (#25722) - AR + Vg (F5722) AR VrHi2 - AR
W —
VrHis - AR VR (W) - AR — Vg (—
s-AR +g- AR h- AR
wl —
h - AR s- AR —g- AR



Conical Intersection

topology of intersection

first order term

Vg (Hudfz2) AR 4+ Vg (#u222) AR VrHiz - AR
wo —
VrHis - AR VR (W) - AR — Vg (—
s- AR+ g- AR h- AR
wl —
h-AR s-AR —g- AR
average gradient vector
Hy1 + Has
S — VR |R()
2
gradient difference vector
o Hi1i— Hoy R
g = VR 5 Ry

derivative coupling vector

h = VgrH2|Rg



Conical Intersection

topology of intersection

keeping only terms to first order

W(AR) ~ W + w®



Conical Intersection

topology of intersection

keeping only terms to first order
W(AR) ~ W - w)
set zeroth order term to zero (just an offset)

s- AR+ g- AR h- AR
W(AR) ~
h- AR s- AR —g- AR



Conical Intersection

topology of intersection

keeping only terms to first order
W(AR) ~ WO + w)
set zeroth order term to zero (just an offset)

s- AR+ g- AR h- AR
W(AR) ~
h- AR s- AR —g- AR

diagonalize to get adiabatic PES

Vi(AR) =s- AR — \/(g- AR)2 + (h- AR)?
V2(AR) =s- AR + /(g AR)2 + (h- AR)?




Conical Intersection

topology of intersection

eigenvalues of W
Vi(AR) =s - AR — /(g JAR)? + [h ] AR)?
V2(AR) =s- AR + /(g AR)2 + (h- AR)?

double cone in branching space (g-h space)

adiabatic surfaces touch at tip




Conical Intersection

back to adiabatic basis

degeneracy requires (to first order) that
g- AR=0Ah-AR
independent: accidental same-symmetry intersection
two coordinate need to change to locate intersection

single degree of freedom: non-crossing rule in diatomics
degeneracy lifted in branching space (two-dimensional)

degeneracy maintained in 3N-8 remaining degree of freedom



Conical Intersection

back to adiabatic basis

degeneracy lifted in branching space

x; = |lgll  x2 = [[h]



Conical Intersection

back to adiabatic basis

degeneracy lifted in branching space
x; = |lgll  x2 = [h
degeneracy maintained in 3N-8 remaining degree of freedom

tri-atomics: hypothetical example

conical intersection intersection seam intersection seam




Conical Intersection

average gradient (s)determines tilt of double cone

eaked
’ V>
photoreactivity ><
g R -h =~
s-g~0 s 0 v,
sloped
photostability v
s-g>0 4

all are 3N-8 dimensional hyperlines
impossible to hit
compare point in plane

possible to get near

coupling strong enough for transition



