Spin of Slater determinant

Spin operators

electron spin

§=8.x+ 8y +5.2z &= +35 +35
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commutation relations
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Spin of Slater determinant

Spin operators

electron spin
§=8,X + 8,y + 5.2
. 1 .
Selo) = §|5> Sylay = 5 1B)

1 |
Gl8) = 5la) - 5,18) = —la

step operators

§_|_ :§a:_|_7/§y §_|_‘Oé> =0
S_ =8, -8, 5_|a)=|B)

/\2 A A A A
ST = 845_ —sz—ksg



Spin of Slater determinant
many electron spin operators

N N N
SP=8-5=> " 35k)-s() S.=)
A N k lA N k
Sp=) 84(k)  S_=>)» 5 (k)

k k

Spin eigenfunctions

S. |1 ¢a...03) = %(Na — NP)|p162...03)
closed shell

S?|p1¢a...03) = S(S +1)p1¢2...¢3)
open shell?

configuration state functions



Spin of Slater determinant
minimal basis hydrogen molecule

D1(x1)P2(x2) — P2 (X1)¢1(X2)]

restricted Hartree-Fock wave function

1
wo(X1,X2) — ﬁ
p1(x) = p1(r)a(s) d3(x) = p2(r)a(s)
p2(x) = p1(r)B(s) Pa(x) = p2(r)B(s)

configuration interaction

\IJ:ZL:%- (3)26
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Spin of Slater determinant ‘ ‘ Qd

minimal basis hydrogen molecule

V2(1+ S12)
configurations ‘ ‘ O

V2(1+ Sia

— — + 4 i
A —

() () 3 Y4

total spin
Sy = (S_Sy+S.+52)ho = S(S + 1)t
= 55— (D)5 (1) +5-(1)54(2) + 5-(2)54(1) + 5-(2)5+(2))(¢1(1)$2(2) — ¢2(1)¢1(2))

+5.(1)(1(1)92(2) — d2(1)91(2)) + 5.(2)(P1(1)P2(2) — ¢2(1)91(2))
+(52(1)52(1) + 52(1)52(2) + 52(2)52(1) + 52(2)52(2)) (91 (1) 92(2) — P2(1)P1(2))]



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
A

o = sls-(1)s4+(1) +5-(1)54(2) + 5-(2)s1(1) + 5-(2)54(2)) 01 (1)01(2)((1)B(2) — B(1)ar(2))



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
4+

total spin
S0 = e1(D)e1(2)[(s-(1)s4 (1) + 5-(1)54(2) + 5-(2)s4(1) + 5-(2)54(2))((1) 8(2) — B(1)ar(2))

+s.(1)(a(1)8(2) — B(1)a(2))
+5.(2)(a(1)8(2) — B(1)a(2))
+(52(1)52(1) + 52(1)52(2) + 52(2)52(1) + 52(2)52(2))((1) B(2) — B(1)(2))]



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
4+

1 2
total spin
S = ZHe1(De1(2)[-B(1)a(2) + B(1)e(2) — a(1)5(2) + a(1)5(2)
+30(1)8(2) + 38(1)a(2)

|
-

singlet



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
A

V1 P2 V3
total spin
3 = (p1(1)p2(2) — w2(1)e1(2))a(1)a(2)
Sy = (S-S +S. + S2)s = S(S + 1)y

= L1 D)ea(2) — pa(Dpr@)[(5— (s (1) + 5_ (1) (2) + - (2)ss

+s2(1a(1)a(2) + 52(2)a(1)a(2)

+(52(1)82(1) + 52(1)52(2) + 52(2)s52(1) + 52(2)s.

1+S

V2(1+ Sia

SRS
417_

(o

(1) +5-(2)5+(2))a(1)(2)



Spin of Slater determinant ‘ ‘ Qd
minimal basis hydrogen molecule ‘ ‘

— — + 4 i
A —

() () 3 Y4

configurations

total spin
S%s3

|
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|
N

%(901(1)@2(2) —p2(1)p1(2))a(l)o(2) triplet



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
A

Yo 1 by

total spin

Va4 = (p1(1)p2(2) — w2(1)p1(2))8(

S%py = (S-S54 + 8.+ 5= 5(S+ 1)
= %(901(1)902(2) —p2(1)p1(2))[(s-(1)s4(1) +5-(1)s4(2) +5-(2)s(1) +5-(2)5+(2))8(1)B(2)
+s5.(1)B(1)B(2) +5.(2)5(1)5(2)

+(52(1)s2(1) 4 52(1)52(2) + 52(2)s-(1) + 5:(2)s.(2)) 5(1) 5(2)]



Spin of Slater determinant ‘ ‘ Qd
minimal basis hydrogen molecule ‘ ‘

— i
417

configurations

—
A

Sy = &
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S
[
/X
 —
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(N
N——r—"
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|
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1 (p1(1)¢a(2) — 92 (1)1 (2))B1)B(2) .
triplet



Spin of Slater determinant ‘ ‘ Qd

minimal basis hydrogen molecule

configurations ‘ ‘ ‘

— — + 4 i
A —

(03] () Y3 4

total spin

Y1 = —=[p1(1)a(l)p2B(2) — v2(1)8(2)p1(2)a(2)]

1
E



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

Yo V1 V2 V3

total spin

S = Z5((s-(D)si(1) +5-(1)54(2) +5-(2)54.(1) + 5-(2)54(2))p1(1)02(2) (1) B(2)



Spin of Slater determinant ‘ ‘ Qd

minimal basis hydrogen molecule

configurations ‘ ‘ ‘

—
A

S = le1()e(De2(2)8(2) — ¢2(1)8(1)¢1(2)a(2)

no eigenfunction of total spin operator!



Spin of Slater determinant ‘ ‘ 0

minimal basis hydrogen molecule

configurations ‘ ‘ ‘

— —+

spin-adapted linear combinations:

va = Y1+
= (p1(1)p2(1) —p2(1)p1(2))(x(1)B(2) + B(1)a(2))
vp = Y1 — o

= (1(1)p2(1) + p2(1)p1(2))((1)B(2) — B(1)x(2))

homework: show that both are eigenfunction of total spin operator.



Hartree-Fock Theory for n electrons

Expectations values for one and two electron operators

Hartree product (no spin)

(01) = 3, [ &L(x1)6(r1)da(r1)dry
(O2) = 23,5 [ [ éi(r1)d;(r2)o(r1,12)¢q(r1)dy(r2)drydrs

Slater determinant (spin, Pauli principle)

O1) = X, [ ¢a(x1)o(r1)¢a(x1)dx
(O2) = $3.30 [ [ 04(x1)6; (x2)0(r1, T2)pa (1) P (x2) dxy dxc
— 3300 0 [ S 65 (x1) 5 (x2)0(r1, 72) By (1) P (2) dx1 dxo
(O2) = 535,50 [ [ @u(x1)d;(x2)o(r1,t2) (1 = Pr2)da(x1)dp(x2)dx1dxe



Hartree-Fock Theory for n electrons

Expectations values for one and two electron operators

Hartree product (no spin)

(01) = 3, [ &L(x1)6(r1)da(r1)dry
(O2) = 23,5 [ [ éi(r1)d;(r2)o(r1,12)¢q(r1)dy(r2)drydrs

Slater determinant (spin, Pauli principle)

(O1) = 3, [ ¢5(x1)0(r1)¢a(x1)dxy

(O2) = 532,00 [ [ ¢i(x1)85 (x2)0(r1, 1) da (x1) P (x2) dxy dx
S S 060085 (x2) 01, 72)6 (1) (2 ) e

02) = 1303 [ J 65x)85 (x2)0(01, 02) (1~ p13)a (1) (x2) 1 dx




Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy

Variational principle

E > FEY
minimum
OF =0

when for all orbitals

pi(X) = i(x) + 0p;(x)

constraint

(@i (x)|or(x)) = dir

Langrange multipliers



Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy

Lagrangian (adding a smart zero, or actually n2 smart zeros)
N\ N\
L=E-) > ellpiler) — Gl
Tk

minimum

OL=0E = ¥ e [(Opilen) + (pildpr)] = 0
Pk

rearranging
OE = Y, (00ilhled) + 3520 (0viprl 2= lpior) + (0idpr| = |vior)
—(0pipr| 7z lorpi) — (Pi0pk] 75 lorp)]

+ 3 (0ilhl0g:) + 330,500 [(eier] 2 100ivn) + (pior] 2 0i0pr)

—(pipr| == 100rpi) — (Pivr| = |orOp;:)]

12 12



Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy

OF

Lagrangian (adding a smart zero!)

L=E—-) > eillpilor) — il
7 k
minimum

OL=0E = ¥ e [(Opilen) + (pildpr)] = 0
Pk

rearranging

> i0vilhled) + 357,38 [(Ovierl 2 |vivn) + (pi0or] 2 |pior)
—(0pipkl 75 lorpi) — (Pi0pk| x| vrei)]
4 A )
+ 3 @il hldes) + 532 ikl = 100ion) + (pivr] 2= 1i0pr)
—(pivrl 75 100kpi) — (Pivk| 7z Pr0Pi)]
J

complex conjugate



Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy

Lagrangian (adding a smart zero!)
L=E-) > erl{eilor) —dul
Tk

minimum

OL=0E = ¥ e [(Opilen) + (pildpr)] = 0
Pk

rearranging changing variables

0 = Y (00ilhle:) + 555 [Oeiexl s leien) + (0f0er) 7 leigr)

—k|$\¢k%> - <%|$\s&k%>]
.

;
+ 3 @il hldes) + 532 ikl = 100ion) + (pivr] 2= 1i0pr)

—(pipr| == 100rpi) — (Yivr| == |PrLOp;:)]

r12 r12
- J

complex conjugate




Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy

Lagrangian (adding a smart zero!)
L=E-) > erl{eilor) —dul
Tk

minimum

OL=0E = ¥ e [(Opilen) + (pildpr)] = 0
Pk

rearranging
OE = Y .{(0pilhle:) + 3, 31 [00ior] = |wivr) — (Opipr] 2| ore:)]

+ C.C



Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy

rearranging

coulomb

OE = > ,0¢ilhle:) + 3,5 (0vion] e
- Zzzk@%@k\%\@ksﬁﬁ

exchange

-+ C.C.

for each orbital:

(0l hls) + (B0i| S L2210y — (005 3 (on| 2= i) o)




Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy

rearranging a bit more

(03l hli) + (0i] o L5 i) — (803 3 (k] 22 i) o)

local coulomb operator

Tl pi(1)) = Pk pi(1))

12

non-local exchange operator

Rili(1)) = (o1 )|~ lipi @) i (D)

Fock operator

f:iL‘FZ{jk—f(kz}

k



Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy

going back the the lagrangian

OL=0E =) ¥ e [(0pilen) + (pildpr)] = 0
Pk

thus

Z <890%‘f‘90z> — Zéik<a¢i‘gpk> — ()

1

(Opil | Floi) =D €irler)| =0
_ k _

system of n coupled non-linear equations

fled) =) €irlor)

k

let’s try to uncouple them!



Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy
system of n coupled non-linear equations
floi) = ) €irlor)
k

matrix notation

Flo) = €|p)

unitary transformation

‘SOa UWCL Z‘Sﬁkz Uka UlU=1 U

Fock equation
UFUU|p) = UeU'U|p)

choose unitary transformation matrix that diagonalizes €

Fllo/) =€le)) €)= duen



Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy
canonical Hartree-Fock orbitals

fles) = €le;)

orbital energies (ionization energies and electron affinities)

€ = <soz\leso>+2kf i (%)1]"]pr(x2)] dx 1 dxo

12

-3, f pi (x1) g (x2) Pk (x1)pi(x2) dx; dx

12

E:Zhii ZZJZR’_ZZKM
r k 1k

1

total energy (correct double counting, also first order energy in PT)

E:thz‘l‘%x%:Jzk_%Z%:sz




Hartree-Fock Theory for n electrons

task: finding the best orbitals that minimize total energy
canonical Hartree-Fock orbitals

1o = &)

orbital energies (ionization energies and electron affinities)

€, = <%\ﬁ|¢>+2kf i (%)1]"]|pr(x2)]| dx 1 dxo

r12

*

- Zk f pi (x1)pr (x2)pk (x1)pi (x2) XmdXQ

12
\ \ \ \
F=Y bt XY - YN K
total energy (correct double counting)

E:Zhii—F%ZZl@k—%ZZKik




Wassermolekaul

2 H*

| O8+
|0 Elektronen

|0 Molekulorbitale



Wassermolekaul

2 H*

| O8+
|0 Elektronen

|0 Molekulorbitale

- 006®




Wassermolekaul

9

| O8+
|0 Elektronen

Energie

|0 Molekulorbitale




Hartree-Fock Theory for n electrons

Hartree-Fock eigenvalue equations

A

fr)pi(x) = €ip(x)
solving non-linear eigenvalues equations numerically

step |:get rid of spin and express in real spatial orbitals

step 2: expand spatial orbitals in basis functions

restricted Hartree Fock

electron pair with opposite spin in same spatial orbital

pi(x) = ¢j(r)a(s)
pit1(x) = ¢;(r)B(s)



Hartree-Fock Theory for n electrons

solving non-linear eigenvalues equations numerically

step |:get rid of spin and express in real spatial orbitals

fxi)di(ri)a(s)) = hO(r1)gi(r1)a(s)
£ [T 61 (r2)a (52) 21 i (ra)a(s2) i (r1)a(s) )dradss
02 [ [ dr(r2) B (52) 7 bk (r2) B(s2) ¢ (x1 ) (51 )dradss
=S [ f 67 (r2)a (s2) 2 di(r2)a(s2) dn(r1)a(sy )dradss

n/szqbk Pz 5* 82)T12 ¢z(1'2) (82)¢k(1'1)5(51)d1?2d82



Hartree-Fock Theory for n electrons

solving non-linear eigenvalues equations numerically

step |:get rid of spin and express in real spatial orbitals

f(x1)¢i(r1)a(s)) = hO(r1)di(ri)a(s:)
S/ f.gbk (r2)0* (s2))7= 0k (r2 fa (52 )i (r1) (1) drofdsy
5/ f.% r2mm o r2z(r1) (s1)dr
-2 (T mgb;';(rzé(bi(rz)k(rl)a(sl)dr
Y12 ()0 (w2 B Go2) 01 (r2) 62 e (r1) (st )



Hartree-Fock Theory for n electrons

solving non-linear eigenvalues equations numerically

step |: get rid of spin and express in real spatial orbitals

A

f(x1)gi(r1)a(s)) = hO(r1)di(ri)a(s:)
+ 302 [ o (ra)
+ 337 [ oilr
=02 [ dilra)

— . (r2)d;i(r1)a(sy)dr;

12

—— . (r2)¢;(r1)o(sy)drs

T12

5 0i(r2)dn(r1)a(s)drs

12



Hartree-Fock Theory for n electrons

solving non-linear eigenvalues equations numerically

step |:get rid of spin and express in real spatial orbitals

Ja(s1)f(x1)a(si)dsigs(r1) = [a*(s1)h%(r1)e(r1)e(s1)ds
+ 2 [ [ a*(s1) ¢ (r2) 7= dr(r2)di(r1)a(s:)drads,
+ 02 [ [ (s1)5(r2) 7 di(r2)di(r1)a(s:)drads,

SV [ [ (s1)6)(r2) - ¢i(r2)dn(r1)als: )drads

Hartree-Fock eigenvalue equation for spatial orbitals

fr1)oi(r1) = ho(r1)od(r;)
+2 302 [ 95 (r2) 72 dr(r2) ¢y (r1)drs
0P [ 61 (ra) 2 gi(ra) g (re )dr



Hartree-Fock Theory for n electrons

solving non-linear eigenvalues equations numerically

step |:get rid of spin and express in real spatial orbitals

AN

fr)gi(r1) = hO(r1)g(r:)

+2 3077 [ ¢ (r2) ;2 o (r2)di(r1)dr
— SV [ i (r2) ¢ (r2) e (re)dr
= €;¢;(r1)

step 2: expand spatial orbitals in basis functions (basisset)

bi(r) =) _cijvi(r — Ry)

J



Hartree-Fock Theory for n electrons

linear combination of atomic orbitals

bi(r) = ) cijy(r — Ry)

J

hydrogen-like orbitals (one possibility out of many....)

o= Pe(G)
Yo = P*((2)
v3 = P*P((3)

T4 =



Wasserstoffmolekul

Lineare Kombination von einzelnhe Wasserstoff-Orbitale

V2(1 + Si2)
\ atomorbital molekulorbital

+

vV 2(1 + S19)



Hartree-Fock Theory for n electrons

solving non-linear eigenvalues equations numerically

step 2: expand spatial orbitals in basis functions

f(r1)oi(r1) = €;pi(ry)

0i(r) = Z cijy;(r — Ry)
f(rl) Z Cm%(f'l) — €4 Z Cm%(rl)

ch/@/fylu I'1 I'1 Vu(rl)drl — ezzcuz/,y,u I'1 ’}/V(P1>dr1



Hartree-Fock Theory for n electrons

solving non-linear eigenvalues equations numerically

step 2: expand spatial orbitals in basis functions (basisset)

Zcm/ﬁ(rl)f(rl)%(rl)drl = 6z‘ZCm/w(1‘1)%(I‘1)dr1

| 24

express in terms of matrices

E F,uycyz' — €4 E S,uz/cl/i
v v

FC = SCe

solution if, and only if

‘F—GiS‘ =0



Hartree-Fock Theory for n electrons

solving non-linear eigenvalues equations numerically

non-linear: F depends on C
- * 70
Fo = Jv(r1)h?(r1)7(r1)dr;
+23 0, [ [ (1) éh(r2) 7= da(ra) v, (r1)drdr

- Za f f WZ(rl)qSZ(rQ)éVV(PQ)Qﬁa(rl)drldI’
FMV — h,(L)W
+2 Za Z/«; Z)\ C::acia f f AYZ (rl)/y:;(rQ) éWA(I'z)%(Ij)drldr

o Za Zm ZA c,";ac”;\a f f 7;(1'1)7:;(1'2) é%(rz)%(m)dmdr



Hartree-Fock

Roothaan-Hall equations

non-linear eigenvalue problem basisset

Fc = ¢,Sc
overlap
matrix S matrix F

»7 —

practical algorithm

energies {e}

coefficients {Cj5}

iterate until self-consistency

pre-compute integrals of basisset

Suv = <7u|71/>




