Electron correlation

definition

Jcorr. Eexact . EHF
Configuration Interaction

sum over all possible Slater determinants/spin adapted-configuration state functions
general expression for correlation energy (not so useful...)
truncated Cl

MCSCF/CASSCF

size consistency

Perturbation theory

slater determinants, single, double, triple, ... excitations

Combinations of Cl| and PT
MCSCF with xth order perturbation (x=2)

Concludes the ab initio, next is density functional theory



Configuration interaction

restricted Hartree Fock in nutshell

one particle, mean field theory
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Configuration interaction

restricted Hartree Fock in nutshell

one particle, mean field theory

Slater determinant (Pauli principle)

tho(r) = det [¢1(I‘1)(E1(I'2)¢2(1‘3)$2(r4)...

molecular orbitals

foi(r) = €igi(r)

Fock operator

Fiy = (s )l (e1)) + 3 duten)on(ra) | 2
k

¢n/2 (rn—1)$n/2(rn)}




Configuration interaction

restricted Hartree Fock in nutshell

one particle, mean field theory
Slater determinant (Pauli principle)
o(r) = det [@1(r1)d1(r2)d2(rs)d2(ra)....0n /2(rn—1)dn 2(rn)]
molecular orbitals
fi(r) = eigi(r)

Fock operator

fij = (G eD) Bl r0)) + 3 <¢i<r1>¢k<r2>
k

2 — p12
1 — 12

i (T )¢j(r2)>

basisset

O; (rl) Z Cia X (rl)

density matrix




Configuration interaction

restricted Hartree Fock in nutshell

one particle, mean field theory
Slater determinant (Pauli principle)
o(r) = det [@1(r1)d1(r2)d2(rs)d2(ra)....0n /2(rn—1)dn 2(rn)]
molecular orbitals
fi(r) = eigi(r)

Fock operator

fij = (G (o)) 65 () + 3 <¢i<r1>¢k<r2>
k

2 — p12
1 — 12

i (T )¢j(r2)>

basisset

O; (rl) Z Cia X (rl)

density matrix

iterative self-consistent solution procedure



Configuration interaction

restricted Hartree Fock in nutshell

one particle, mean field theory, no e-e correlation

Slater determinant

Yo(r) = det [¢1(1'1)<51(1'2)@52(r3)<52(r4)----¢n/2(I'n—l)&n/z(rn)]



Configuration interaction

restricted Hartree Fock in nutshell

one particle, mean field theory

Slater determinant
tho(r) = det |p1(r1)d1(r2)d2(rs)d2(ra)....dn /2 (Tn_1)Pp 2 (rn))
electron-electron correlation
static correlation
large separation of electrons in pair (i.e. H> dissociation)

near degeneracies: different spatial wavefunctions

multi-configuration SCF



Configuration interaction

restricted Hartree Fock in nutshell

one particle, mean field theory

Slater determinant
Yo(r) = det [¢1(1'1)<51(1'2)%(r3)<52(r4)----¢n/2(I'n—l)&n/z(rn)]
electron-electron correlation

static correlation
large separation of electrons in pair
near degeneracies: different spatial wavefunctions

multi-configuration SCF

dynamic correlation

short distance: cusp
not so dependent on orbitals/density

perturbation theory



Configuration interaction

restricted Hartree Fock in nutshell

one particle, mean field theory

Slater determinant
Yo(r) = det [¢1(1'1)<51(1'2)%(T3)<E2(P4)----€bn/2(Tn—1)<5n/2(rn)]
electron-electron correlation

static correlation
large separation of electrons in pair
near degeneracies: different spatial wavefunctions

multi-configuration SCF

dynamic correlation

short distance: cusp
not so dependent on orbitals/density

perturbation theory

simple distinction not always possible



Beyond Hartree-Fock: Configuration Interaction

ohe-electron basisset

B(x1) = Y a;pi(x1)

1

two-electron basisset

D(x1,x2) = Zai(X2)¢i(X1)
O (x1,X2) > > bij®i(X1)9;(X2)




correlation energy

configuration interaction

functions of one electron

expansion in one-electron functions
d(x1) =N a;xi(a1)
1

functions of two electrons



correlation energy

configuration interaction

functions of one electron
expansion in one-electron functions
P(r1) = E a;xi(1)
;
functions of two electrons

expansion in one-electron functions, keeping second electron fixed

O(r1,T2) = Z a;(22)xi (1)

1



correlation energy

configuration interaction

functions of one electron
expansion in one-electron functions
dlx1) = ) aixi(z1)
1
functions of two electrons
expansion in one-electron functions, keeping second electron fixed
O(x1,T2) = § ai(z2)xi(z1)
1
expansion of coefficients in one-electron functions

a(T2) = Z bijX;j(22)



correlation energy

configuration interaction

functions of one electron
expansion in one-electron functions
P(r1) = E a;xi(1)
;
functions of two electrons

expansion in one-electron functions, keeping second electron fixed

O(r1,T2) = Z a;(22)xi (1)

1
expansion of coefficients in one-electron functions

= > bijx;(z2)
J
so that

5517332 LmeXz L1 Xj(xZ)




correlation energy

configuration interaction

functions of two electrons

Pauli principle

¢(x1,T2) = —@(x2, 21)



correlation energy

configuration interaction

functions of two electrons

Pauli principle

¢(x1,T2) = —@(x2, 21)

antisymmetric superposition

CE‘1,$2 Zzbw Xz X1 Xj $2) Xj(zl)Xi(an)]

A )



correlation energy

configuration interaction

functions of two electrons

Pauli principle

¢(QE1, 332) — _gb(mZ; 371)

antisymmetric superposition

CL‘l,ZCQ Zzbm Xz L1 Xj $2) Xj(xl)Xi(xZ)]

A )

in determinants

o(x1,x2) ZZ Tbm det [xi(z1)x;(z2)]



correlation energy

configuration interaction

functions of two electrons

Pauli principle

¢(QE1, 332) — _gb(mZ; 371)

antisymmetric superposition

CL‘l,ZCQ Zzbm Xz L1 Xj $2) Xj(xl)Xi(xQ)]

A )

in determinants

o(x1,x2) ZZ wa det | X@(xl)Xj@Z)]

in general

n-electron wavefunction

Ui =) Cyty = Ciovbo+ Y Clatu + Y Ciauy + ...
9 ra a <b
r < S



correlation energy

full configuration interaction
exact solution (within finite basisset)
Ui =) Cith; = Ciotho + ) Ciy+ D Ciathap + -
9 ra

a < b
r < S8



correlation energy

full configuration interaction

exact solution (within finite basisset)

Ui =Y Ciytby = Ciotbo + Y Chh + > Clais + ...
9 ra a <b
r < 8

truncated configuration interaction
ClSingles

excited states (higher roots)

no correlation in ground state

ClSinglesDoubles

stronger correlation in ground state

ClSinglesDoublesTriples

stronger correlation in excited states than in ground state

too expensive: number of configurations blows up



correlation energy

truncated configuration interaction

ClSingles, Double, Triples ...

systematic

number of configurations blows up



correlation energy

truncated configuration interaction

ClSingles, Double, Triples ...

systematic

number of configurations blows up

multi-configuration SCF

multiple configurations
free to choose, not black box!

optimize both Cl and MO coefficients

M
\117; — Z Cijwj-
J

Slater



correlation energy

truncated configuration interaction

ClSingles, Double, Triples ...

systematic

number of configurations blows up

multi-configuration SCF

multiple configurations

Slater
free to choose, not black box! U, = Z Cij %’-
optimize both Cl and MO coefficients .
basis for higher level methods
MultiReferenceCl single excitations double excitations
b = Z KU+ Kria%ria+ Y KriajpVriajs + )

1,a 1,a,7,b

a root in MCSCF of Slaters in each configuration in root



correlation energy

truncated configuration interaction

ClSingles, Double, Triples ...

systematic

number of configurations blows up

multi-configuration SCF

multiple configurations
free to choose, not black box!

optimize both Cl and MO coefficients

M
\Iff,; — Z Cijwj-
J

basis for higher level methods

MultiReferenceCl

o = Z K[\I/] + ZKIza\IJIza + Z KIza,jb\IjIza]b + .. )

1,a 1,a,7,b

perturbatlon theory: CASPT?2



correlation energy
multi-configuration SCF
multiple configurations

free to choose

not black box

Complete Active Space SCF

select orbitals for full Cli

virtual

energy
active

valence

full Cl CASSCF



correlation energy

multi-configuration SCF
Complete Active Space SCF

select electrons and orbitals for full CI (HF, NBO)

knowledge/intuition/luck



correlation energy

multi-configuration SCF
Complete Active Space SCF

select electrons and orbitals for full CI (HF, NBO)

knowledge/intuition/luck/



correlation energy

multi-configuration SCF
Complete Active Space SCF

select electrons and orbitals for full CI (HF, NBO)

knowledge/intuition/luck

example

protonated schiff base
CAS(4,4) with all TT orbitals




correlation energy
CASSCF

recovers static correlation

near degeneracy



correlation energy
CASSCF

recovers static correlation

near degeneracy

excited states

optimize second root in Cl



correlation energy
CASSCF

recovers static correlation

near degeneracy

excited states

optimize second root in Cl

problem: need expectation values involving both states

(s, IVRH |1s,)



correlation energy
CASSCF

recovers static correlation

near degeneracy

excited states

optimize second root in Cl

problem: need expectation values involving both states

(s, IVRH |1s,)

problem: root flipping



correlation energy
CASSCF

recovers static correlation

near degeneracy

excited states

optimize second root in Cl

problem: need expectation values involving both states

(s, IVRH |1s,)

problem: root flipping

state average CASSCF

same molecular orbitals for all states

optimize the weighted average energy
ESA — Z wiEi
1

average density matrix



correlation energy
SA-CASSCF

same molecular orbitals for all states

sometimes orbitals change drastically upon excitation

wavefunction is not variational minimum

VrRE = Vw@W|H|Y)

= (VRY[H[Y) + W|VrH[)) + (Y| H|VRY)



correlation energy
SA-CASSCF

same molecular orbitals for all states

sometimes orbitals change drastically upon excitation

wavefunction is not variational minimum

VrRE = Vw@W|H|Y)

= (VRY[H[Y) + (|VRH|Y) + (Y |H|VRY)

(VRY|H|Y) = (Veuo¥|H|Y)VREMOT

(Ve ¥ H|Y)VReor+



beyond Hartree Fock

Configuration Interaction

linear combination of Slater determinants
U= Jyo) + g calvn) + X0 Xila chilvid)
> Dba Lcwb CapelVabe)
0 Xsa Xesh Ldse CancalYanca) +
intermediate normalization

(Wtho) =1

size consistent, only if all determinants are included

impossible in practice!

variational in ¢



Beyond Hartree-Fock: Configuration Interaction
|

one-electron basisset 3
P(x1) = Z%‘@(Xl) E T T
) ;
two-electron basisset
A | I A
P (x1,X0) = ZOJZ’(XQ)¢Z'(X1) 9 | ¥ v I
; S A I
e 0 | v | v v
P(x1,X%9) = >4>4bij§bi(xl)¢j(x2) o A A A
i | v | v | v
n-electron basisset none single  double
slater determinants, single, double, triple, ... excitations
Nocec Nvirt Nocc Nocc MNvirt MNvirt
O=Vo)+ ) D calVi)+)> > > > calVip) +..
a r a b r S

Brillouin’s theorem
(WolH|W;) =0
truncate: CIS, CISD, CISDT, CISDTQ, ... (size inconsistent!!)



beyond Hartree Fock

Configuration Interaction

linear combination of Slater determinants
U= Jgo) + Xq caXalto) + 300 Yoph chs Xib o)
+ 30 XiZa Xesh CaneXapeltho)
30 X020 Xoeat Ddse Capea Xaped o) +
truncation of full Cl to limit computational effort

CISD, CISDT, CISDTQ, ...

not size consistent because not all determinants are included



beyond Hartree Fock

o0 OO
Full Configuration Interaction expansion 1 2
all determinants included
example Hz and 2 H»
. 2 2
He Wt = |graeif) + +clg, p30053)
— 1111> —|—Ci%|2121>
2 Ha: \I/12 — 11111212> +Ci%‘21211212> +C?z%§‘11112222>

21212222 ) )
—|—611111212 |21212222>

Truncated Conf gualoh Interaction expansion

only include HF single and doubly excited determinants

2 Ha: \1112 — |11111212> —+ Ci% |21?11212> -+ C?z%§|11112222>



beyond Hartree Fock
Full Cl

all determinants included

U2 = |11 1212> +c§fi\21211212> 22 [11112520)

21 212524 ‘
—I_Cll 11 12 1o ‘21212222> ‘,'f

at large separation mdependent molecules!
gz = gly?

— (‘1111> -+ Ci% |21§1>) (‘1212> -+ 6?222‘2222>)

‘1 11>‘1212> —+ C%i%i |2121>‘1212> —+ C%i%;|1111>|22§2>

e ?3?2\2121>\2222>



Coupled Clusters

idea

approximate the quadruples coefficients by doubles...

rstu ~_ TS tu
Cabed ~ Cab * Ced

due to anti-symmetry there are |8 such terms:

rstu ~_ .rs _jtu rs tu rs tu
Cabed ~ CabCed — CacClbd T CadCbe T

coupled-clusters doubles wavefunction
PP = Map,rs (1 + copXap )|?0)
non-linear expansion in coefficients
all (2n)-tuply excited determinants included: size consistent!
only uses doubles coefficients

non-variational



Coupled Clusters

idea

approximate the n-tuply coefficients by singles, doubles, ..

rstu ~_ TS tu
Cabed ~ Cab * Ced

rstuv ~_ TS tu V
Cabede ~ Cab * Ceq * Ce

rstuvw ~_ TS tu VW
Cabcdef ~ Cap * Cegd * Cef
general case

non-linear expansion in coefficients and excitations

VY = [, (1 + e X0)] [Map,rs (1 + chy Xoi)] - |tbo)

identical to full Cl if all possible excitation levels are considered



Coupled Clusters

general case
non-linear expansion in coefficients and excitations
CC
U = o (1 + ¢ Xg)] Map,rs (14 cop Xop)] - |900)
identical to full Cl if all possible excitation levels are considered

close to full Cl otherwise, because all excitations are approximately included

restrict excitation level to doubles: CCSD
cCSD
W = o, (1 + X o) [Hap,rs (1 + copXap)] [tho)
all n-tuply excited determinants included: size consistent!
only singles and doubles coefficients needed

optimization of coefficients



Coupled Clusters

general case

non-linear expansion in coefficients and excitations

P = (Mo (1 + g X0)] Map,rs (1 + €y Xap)] - 0)
exponential ansatz

since

T’S ’r'S 1 1
X =0 exp(a:):l—l—:zz+§a:2—|—6:133—|—..

we can invert the Taylor series

1
L b X = 1+ e Xaf + 5 (e X X0 + . = exp(cp X37)

to recast the coupled clusters expansion

P = g, 7 eXp(CZXg)Hab rs €Xp(crp X gy )---|¥0)

VOO =exp [ Y h X7+ > e Xi+ .| [tho)

a,r ab,rs



Coupled Clusters

exponential ansatz of CC

VEC =exp | Y chdlh+ Y e Xip+ | [vo)

a,r ab,rs

restrict excitation level up to doubles: CCSD

YCCSD _ oxny ZCZfZ + Z o Xon | 1to)

a,r CLb,’I"S
includes all excited determinants: size consistent!

only uses singles and doubles coefficients

single reference methods
works only if HF is reasonable approximation
fails if ground state has multi-configurational character: dissociation!

UHF reference






