Molecular Quantum Mechanics

many-electron Schrodinger equation
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Molecular Quantum Mechanics

approaches for approximating

Hartree-Fock and beyond (ab initio)
molecular orbitals
systematic improvement

precise, and only accurate with impossible computational effort

Density functional theory (semi-empirical)
many electron density
formally exact, but in practice not as no correct functional exists

precise, but not accurate

Quantum Monte Carlo (ab initio)

sample multi-dimensional wavefunction by Monte Carlo

quite accurate, but not precise



Hartree-Fock Theory

Solving electronic structure problem on computers
Hartree product of non-interacting electrons
mean field
molecular orbitals
Pauli Principle
slater determinant of molecular orbitals
expectations values of one and two electron operators
energy of slater determinant
variation principle
optimizing the orbitals in slater determinant
one-particle mean-field fock operator
self-consistent-field
linear combinations atomic orbitals & basissets

Roothaan Hall equations
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Hartree-Fock Theory for n electrons

mean-field approach

atomic units
hi(r;) = —V? + Z
independent electrons

one-electron wave functions (molecular orbitals)
hi(r)@i(r) = €;¢i(r)

orthonormal

[ 6100w -

Hartree product of n distinghuisable electrons

W(ry,ro,...,ry) = @1(r1)P2(r2)...0n(ry)
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Hydrogen molecule

Linear Combination of single hydrogen orbitals
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simplified Hartree-Fock theory

mean field approach

vary orbitals until until self-consistency (SCF)
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Water molecule
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Hartree-Fock Theory for n electrons

indistinguishable electrons
fermions with 3 spatial and | spin coordinate (4D)
X} = 1{r, 8}
Pauli principle
U (ry,Xo, .., Xi, Xj, o0y X)) = =V (X1, X2, .0y Xj, X4y nny X))

spin orbitals

¢i(r)a(s)
¢i(r)5(s)

pi(x) =

spin functions

[ a(9)8(s)ds = 5.



Hartree-Fock Theory for n electrons

antisymmetric linear combination of Hartree products:

i.e. 2 electrons

W (x1,x2) = \% p1(x1)p2(x2) — pa(x1)p1(X2)]

n electrons: Slater determinant

p1(x1)  p1(x2) . @1(Xn)

1 p2(x1)  p2(x2) .. @2a(Xn)

Pn(X1)  pn(x2) - @n(xn)
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Hartree-Fock Theory for n electrons

antisymmetric linear combination of Hartree products:

ie. 2 electrons (Hz, HeH)

W(x1,x2) = % p1(x1)p2(x2) — pa(x1)p1(x2)]

molecular orbitals: spatial & spin part

di(r)a(s)
¢i(r)B(s)

pi(x) =

joint/pair probability densisty

P(I’l,rg) - ffP(Xl,XQ)dsldSQ

— ff\Ij*(rl,rg,81782>\IJ*(I‘171‘2731,32)d31d32



Hartree-Fock Theory for n electrons
joint/pair probability

opposite spin

P(ri,rs) = 5 [ [&i(r1)a(s1)d5(ra) 5" (s2)1 (r1)a(s1)da(rs) B(s2)ds1dss—
L[ [ o1(r)a (s1)$5(ra) B* (s2)da(r1)B(s1) 1 (ra)a(sa)dsy dsa—
L[ [ 65(r1)B* (s1)67 (r2)a” (s2)dr (r1)a(s1) b2 (r2) B(s2)dsy dsa+
L[ [ 5(r1)8(51)0% (r2) ™ (s2) 92 (r1) B(51) 1 (r2)u(52) ds1 dso

uncorrelated

P(rirs) = 4 [[61(r0) [oa(ra) + 9a(r1) [ | (2)

averaged un-correlated probabilities

same spatial orbital:
P(ry,ra) = ’¢1(P1)’2 ‘¢1(T2)‘2 > 0



Hartree-Fock Theory for n electrons
joint/pair probability
same spin
P(rirs) = L[ [di(r)a*(s1)85(ra)a" (s2)é1(rs)als:)éa(rs)alsz)ds i dso -
3 J S #i(ri)ar(s1)d5(r2)a” (s2)da(ri)a(s1)d1 (r2)a(sz)dsidsz—
3 J S @5 (r1)a*(s1)¢1(r2)a” (s2)dr(r1)a(s1)da(r2)a(sz)dsidsa+
3 | S @5(ri)a”(s1)¢i(ra)a (s2)d2(r1)a(st)dr(r2)a(sz)ds1ds

correlated

P(ri,ra) = 3[é1(r1)]” [p2(r2)]” + |pa(r1)]? |f1(ra)]”
—¢1(r1)2(r1)@5(r2)d1(r2) — @3(r1)d1(r1)9] (r2)P2(re)]

Pauli repulsion

Po‘o‘(rl,rg) < Po‘ﬁ(rl,rg)



Hartree-Fock Theory for n electrons
joint/pair probability
same spin
P(ri,re) = 5[ [é7(r1)a*(s1)d3(r2)a*(s2)d1(r1)a(s1)da(rz)a(ss)dsidsa—
s [ oi(r1)a*(s1) s (ra)a*(s2)da(r1)a(s1) 1 (ra) o s2)ds1dsa—
5 [ d5(r1)a*(s1) 95 (ra)a* (s2)d1(r1)a(s1)da(ra)a(s2)ds1dsa+

B) ff% r1 81)¢1(1'2)04*(32)¢2(T1)04(81)¢1(1‘2)04(82)61816152

correlated

P(ri,ra) = 3[d1(r1)]” [d2(r2)]® + |pa(r1)]” |f1(ra)]”
— @7 (r1)2(r1)d5(r2)d1(r2) — @3(r1)d1(r1)e7 (r2)P2(re)]

same orbital?

P(ri,r2) = L{lo1(r1)]?|g2(r2)]” + |d2(r1)]” o1 (ra)]”
—[¢1(r1)|” |p2(r2)|® — |P2(r1)|* |1 (r2)|"] = O

Pauli exclusion: Fermi hole



