Hartree-Fock Theory for n electrons

mean-field approach

atomic units
hi(r;) = =V + Z

independent electrons

one-electron wave functions (molecular orbitals)
hi(r)@i(r) = €;¢i(r)

orthonormal

[ 6100w -

Hartree product of n distinghuisable electrons

W(ry,ro,...,ry) = @1(r1)P2(r2)...0n(ry)

+ Umf rz
;A



Hartree-Fock Theory for n electrons

indistinguishable electrons
fermions with 3 spatial and | spin coordinate (4D)
X} =T, 5]
Pauli principle
U (ry,Xo, .., Xi, Xj, o0y X)) = =V (X1, X2, .0y Xj, X4y nny X))

spin orbitals

¢i(r)a(s)
¢i(r)5(s)

pi(x) =

spin functions

[ a(9)8(s)ds = 5.



Hartree-Fock Theory for n electrons

antisymmetric linear combination of Hartree products:

i.e. 2 electrons

W (x1,x2) = \% p1(x1)p2(x2) — pa(x1)p1(X2)]

n electrons: Slater determinant
p1(x1) @1(x2) .. ©1(xXn)

1 p2(X1)  p2(x2) .. p2(xn)
U(x1,X9,..,Xp) = ——

Pn(X1)  pn(x2) - @n(xn)




Hartree-Fock Theory for n electrons

antisymmetric linear combination of Hartree products:

i.e. 2 electrons

W (x1,x2) = \% p1(x1)p2(x2) — pa(x1)p1(X2)]

n electrons: Slater determinant
[901(X1)J p1(x2) .. p1(Xn)

p2(X1) |p2(x2)] . p2(xn)
U(x1,X9,..,Xp) = L [

i)




Hartree-Fock Theory for n electrons

antisymmetric linear combination of Hartree products:

i.e. 2 electrons (Hz, HeH*)

W(x1,x2) = % p1(x1)p2(x2) — pa(x1)p1(x2)]

molecular orbitals: spatial & spin part

di(r)a(s)
¢i(r)B(s)

pi(x) =

joint/pair probability densisty

P(I’l,rg) - ffP(Xl,XQ)dsldSQ

— fqu*(r17r2781782>\1] (r17r2781732)d81d82



Hartree-Fock Theory for n electrons
joint/pair probability

opposite spin

P(ri,rs) = 5 [ [&i(r1)a(s1)d5(ra) 5" (s2)1 (r1)a(s1)da(rs) B(s2)ds1dss—
L[ [ o1(r)a (s1)$5(ra) B* (s2)da(r1)B(s1) 1 (ra)a(sa)dsy dsa—
L[ [ 65(r1)B* (s1)67 (r2)a” (s2)dr (r1)a(s1) b2 (r2) B(s2)dsy dsa+
L[ [ 5(r1)8(51)0% (r2) ™ (s2) 92 (r1) B(51) 1 (r2)u(52) ds1 dso

uncorrelated

P(rirs) = 4 [[61(r0) [oa(ra) + 9a(r1) [ | (2)

averaged un-correlated probabilities

same spatial orbital:
P(ri,re) = ’¢1(P1)’2 ‘¢1(T2)‘2 > 0



Hartree-Fock Theory for n electrons
joint/pair probability
same spin
P(rirs) = L[ [di(r)a*(s1)85(ra)a" (s2)é1(rs)als:)éa(rs)alsz)ds i dso -
3 J S #i(ri)ar(s1)d5(r2)a” (s2)da(ri)a(s1)d1 (r2)a(sz)dsidsz—
3 J S @5 (r1)a*(s1)¢1(r2)a” (s2)dr(r1)a(s1)da(r2)a(sz)dsidsa+
3 | S @5(ri)a”(s1)¢i(ra)a (s2)d2(r1)a(st)dr(r2)a(sz)ds1ds

correlated

P(ri,ra) = 3[é1(r1)]” [p2(r2)]” + |pa(r1)]? |f1(ra)]”
—¢1(r1)2(r1)@5(r2)d1(r2) — @3(r1)d1(r1)9] (r2)P2(re)]

Pauli repulsion

Po‘o‘(rl,rg) < Po‘ﬁ(rl,rg)



Hartree-Fock Theory for n electrons
joint/pair probability
same spin
P(ri,re) = 5[ [é7(r1)a*(s1)d3(r2)a*(s2)d1(r1)a(s1)da(rz)a(ss)dsidsa—
s [ oi(r1)a*(s1) s (ra)a*(s2)da(r1)a(s1) 1 (ra) o s2)ds1dsa—
5 [ d5(r1)a*(s1) 95 (ra)a* (s2)d1(r1)a(s1)da(ra)a(s2)ds1dsa+

B) ff% r1 81)¢1(1'2)04*(32)¢2(T1)04(81)¢1(1‘2)04(82)61816152

correlated

P(ri,ra) = 3[d1(r1)]” [d2(r2)]® + |pa(r1)]” |f1(ra)]”
— @7 (r1)2(r1)d5(r2)d1(r2) — @3(r1)d1(r1)e7 (r2)P2(re)]

same orbital?

P(ri,r2) = L{lo1(r1)]?|g2(r2)]” + |d2(r1)]” o1 (ra)]”
—[¢1(r1)|” |p2(r2)|® — |P2(r1)|* |1 (r2)|"] = O

Pauli exclusion: Fermi hole



Spin of Slater determinant

Spin operators

electron spin

§=8.x+ 8y +5.2z &= +35 +35

) 1 ) 2 )

Sela) = <18)  Syla) = S[B)  Sia) =
2 2

) 1 ' )

5:18) = §\Oé> 5418) = —5\00 5:18) =

commutation relations
82,8y = 828, — 8,8, =15,
8,5, =18,

3., 8, = i3,



Spin of Slater determinant

Spin operators

electron spin
§=8,X + 8,y + 5.2
. 1 .
Selo) = §|5> Sylay = 5 1B)

1 |
Gl8) = 5la) - 5,18) = —la

step operators

§_|_ :§a:_|_7/§y §_|_‘Oé> =0
S_ =8, -8, 5_|a)=|B)

/\2 A A A A
ST = 845_ —sz—ksg



Spin of Slater determinant
many electron spin operators

N N N
SP=8-5=> " 35k)-s() S.=)
A N k lA N k
Sp=) 84(k)  S_=>)» 5 (k)

k k

Spin eigenfunctions

S. |1 ¢a...03) = %(Na — NP)|p162...03)
closed shell

S?|p1¢a...03) = S(S +1)p1¢2...¢3)
open shell?

configuration state functions



Spin of Slater determinant
minimal basis hydrogen molecule

D1(x1)P2(x2) — P2 (X1)¢1(X2)]

restricted Hartree-Fock wave function

w()(xla X2) — %

$1(x) = p1(r)a(s) $3(x) = p2(r)a(s)
P2(x) = p1(r)B(s) P4(x) = p2(r)B(s)

confg;rauonz.;t;:acuon( ;1 ) )
— '+ 4 it
H 4 —




Spin of Slater determinant O C Q2

minimal basis hydrogen molecule

V2(1+ S12)
configurations ‘ ‘ O

V2(1+ Sia

— — + 4 i
A —

() () 3 Y4

total spin
Sy = (S_Sy+S.+52)ho = S(S + 1)t
= 55— (D)5 (1) +5-(1)54(2) + 5-(2)54(1) + 5-(2)5+(2))(¢1(1)$2(2) — ¢2(1)¢1(2))

+5.(1)(1(1)92(2) — d2(1)91(2)) + 5.(2)(P1(1)P2(2) — ¢2(1)91(2))
+(52(1)52(1) + 52(1)52(2) + 52(2)52(1) + 52(2)52(2)) (91 (1) 92(2) — P2(1)P1(2))]



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
A

o = sls-(1)s4+(1) +5-(1)54(2) + 5-(2)s1(1) + 5-(2)54(2)) 01 (1)01(2)((1)B(2) — B(1)ar(2))



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
4+

total spin
S0 = se1()e1(2)[(s—(1)s4(1) + 5-(1)s1(2) + 5-(2)51(1) + 5-(2)54(2))(a(1)B(2) — B(1)x(2))

+s.(1)(a(1)8(2) — B(1)a(2))
+5.(2)(a(1)8(2) — B(1)a(2))
+(52(1)52(1) + 52(1)52(2) + 52(2)52(1) + 52(2)52(2))((1) B(2) — B(1)(2))]



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
4+

¥1 V2
total spin
S = #e1(1)e1(2)[-B(1)a(2) + B(1)e(2) — a(1)B(2) + (1)5(2)
+30(1)B(2) + 38(1)a(2)

|
-

singlet



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
A

V1 P2 V3
total spin
3 = (p1(1)p2(2) = p2(1)p1(2)) (1) (2)
Sy = (S-S +S. + S2)s = S(S + 1)y

= L1 D)ea(2) — pa(Dpr@)[(5— (s (1) + 5_ (1) (2) + - (2)ss

+s2(1a(1)a(2) + 52(2)a(1)a(2)

+(52(1)82(1) + 52(1)52(2) + 52(2)s52(1) + 52(2)s.

1+S

V2(1+ Sia

SRS
417_

(o

(1) +5-(2)5+(2))a(1)(2)



Spin of Slater determinant ‘ ‘ Qd
minimal basis hydrogen molecule ‘ ‘

— — + 4 i
A —

() () 3 Y4

configurations

total spin
S%s3

|
VR
S
[
VR
[S—
N——"
AS
\V)
/N
N
N——"
AS
\V)
VR
(-
N——"
S
[
VR
(N
N——"
N——"

|
N

%(@1(1)@2(2) —p2(1)p1(2))a(l)o(2) triplet



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

—
A

Yo 1 by

total spin

Va4 = (p1(1)p2(2) — w2(1)p1(2))8(

S%py = (S-S54 + 8.+ 5= 5(S+ 1)
= %(901(1)902(2) —p2(1)p1(2))[(s-(1)s4(1) +5-(1)s4(2) +5-(2)s(1) +5-(2)5+(2))8(1)B(2)
+s5.(1)B(1)B(2) +5.(2)5(1)5(2)

+(52(1)s2(1) 4 52(1)52(2) + 52(2)s-(1) + 5:(2)s.(2)) 5(1) 5(2)]



Spin of Slater determinant ‘ ‘ Qd
minimal basis hydrogen molecule ‘ ‘

— i
417

configurations

—
A

Sy = &

VR
S
[
/X
 —
N—"
AS
\V)
VN
(N
N——r—"
RS
\V}
/X
p—d
N——"
AS
—_
VS
DO
N——"
N——"

|
N

%—(901(1)@2(2) —p2(1)p1(2))B(1)B(2) triplet



Spin of Slater determinant ‘ ‘ Q2

minimal basis hydrogen molecule

configurations ‘ ‘ ‘

— — + 4 i
A —

(03] () Y3 4

total spin

Y1 = —=[p1(1)a(l)p2B(2) — v2(1)8(2)p1(2)a(2)]

1
V2



Spin of Slater determinant
minimal basis hydrogen molecule

configurations

Yo V1 V2 V3

total spin

S = Z5((s-(D)si(1) +5-(1)54(2) +5-(2)54.(1) + 5-(2)54(2))p1(1)02(2) (1) B(2)



Spin of Slater determinant ‘ ‘ Q2

minimal basis hydrogen molecule

configurations ‘ ‘ ‘

—
A

S = le1()e(De2(2)8(2) — ¢2(1)8(1)¢1(2)a(2)

no eigenfunction of total spin operator!



Spin of Slater determinant ‘ ‘ Q2

minimal basis hydrogen molecule

configurations ‘ ‘ ‘

— —+

spin-adapted linear combinations:

va = Y1+
= (p1(1)p2(1) —p2(1)p1(2))(x(1)B(2) + B(1)a(2))
vp = Y1 — o

= (1(1)p2(1) + p2(1)p1(2))((1)B(2) — B(1)x(2))

homework: show that both are eigenfunction of total spin operator.



Hartree-Fock Theory for n electrons

Expectations values for one and two electron operators

Hartree product (no spin)

(01) = 3, [ &L(x1)6(r1)da(r1)dry
(O2) = 23,5 [ [ éi(r1)d;(r2)o(r1,12)¢q(r1)dy(r2)drydrs

Slater determinant (spin, Pauli principle)

O1) = X, [ ¢a(x1)o(r1)¢a(x1)dx
(O2) = $3.30 [ [ 04(x1)6; (x2)0(r1, T2)pa (1) P (x2) dxy dxc
— 3300 0 [ S 65 (x1) 5 (x2)0(r1, 72) By (1) P (2) dx1 dxo
(O2) = 535,50 [ [ @u(x1)d;(x2)o(r1,t2) (1 = Pr2)da(x1)dp(x2)dx1dxe



Hartree-Fock Theory for n electrons

Expectations values for one and two electron operators

Hartree product (no spin)

(01) = 3, [ &L(x1)6(r1)da(r1)dry
(O2) = 23,5 [ [ éi(r1)d;(r2)o(r1,12)¢q(r1)dy(r2)drydrs

Slater determinant (spin, Pauli principle)

(O1) = 3, [ ¢5(x1)0(r1)¢a(x1)dxy

(O2) = 532,00 [ [ ¢i(x1)85 (x2)0(r1, 1) da (x1) P (x2) dxy dx
S S 060085 (x2) 01, 72)6 (1) (2 ) e

02) = 1303 [ J 65x)85 (x2)0(01, 02) (1~ p13)a (1) (x2) 1 dx




