Density functional theory
Kohn-Sham idea

exact mapping between non-interacting and interacting electronic systems

\Ijreal « Veﬁ[p(r)]H\Pnon—int.

effective potential exists, so that densities are the same (ground-state only!!)
AN
Hnon—int. _ __vQ i Veff
> (v g ven
1
one-electron wavefunctions: Kohn-Sham orbitals
1
(—5 V2 + V)i(r) = eii(x)
density of both systems
n
o 2
p(r) = Z (1)
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with exact effective potential

p(r) = p(r)



Density functional theory

Kohn-Sham idea

exact mapping between non-interacting and interacting electronic systems

\Ijreal « Veﬂ:[p(r)]ﬁanon—int.

ground-state only

energy functional

variational principle

Elp(r)] = min (V[ |¥) > B



Density functional theory
Kohn-Sham idea

exact mapping between non-interacting and interacting electronic systems

\Ijreal « Veﬂ:[p(r)]ﬁ\ljnon—int.

ground-state only

energy functional for interacting system

Elp(r)] = T[p(x)] + Eeelp(r)] + / o[(2)]Vine (x)dr

add and subtract energy functionals for a non interacting systems

Elp(r)] = Ts[p(r)] + EX[p(x)] + / o) Vi (£)dr + Excc[p(r)

dump all that we don’t want to compute in the exchange-correlation functional

Exclp(r)] = (Tlp(r)] = Ts[p(r)]) + (Eee[p(r)] — Ecelp(r)])

variational principle

Elp(r)] = min(¥|H|¥) > E

1
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Density functional theory

energy functional

Elp(r)] = Ts[p(r)] + Eee[p(r)] + Ene[p(r)] + Exc[p(r)]

electron-electron repulsion: Hartree energy

1 r)p(r’

- IO( )IO( )drdr/
2 r — 1’|

electron-nuclei attraction: external potential

/Z |RA — r\ r)dr = /Ven(r)P(r)dI’

exchange-correlation energy (e.g. uniform electron gas)

EYDA (o] = / exc(p(r))p(r)dr

kinetic energy of non-interacting systems

Ts[p(r)] = {ﬂ%@@s\@



Density functional theory

minimize functional with respect to density

GE:/<%TS+V£+V%+VXC~> opr = 0

constraint

[ playir =N

Lagrangian

L = Tsp) + B + Eenlp] + Exc — A (/p(r)dr - N)

minimize Lagrangian with respect to density

o,
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Density functional theory

minimize Lagrangian with respect to density

0
0L = / (a—pTS—FVeIg—l—Ven—I—VXC —A) dpdr = 0

electron-electron repulsion (Hartree potential)
L [ p(r)
VH —— d /
Aol = 5 [ Lk

electron-nuclei attraction: external potential

exchange-correlation energy (e.g., uniform electron gas)

VERA (o) = 5 B = p() 25O |t o)




Density functional theory

energy functional of a non-interacting system
gy g Sy

B ] = Tolp] + [ VI ()p(r)in

constraint

[ playir =N

Lagrangian

L] = Talpl + [ Vot~ 3 ( [ oty - )

minimize Lagrangian of non-interacting electron system

0

OL O[] = / (8_st + pett )x) dp(r)dr = 0



Density functional theory

minimize Lagrangian of non-interacting electron system

0

OL o) = / (8_,0TS + yet )\> dp(r)dr =0

kinetic energy potential of non-interacting electrons

9 g — _yef 4y
dp

substitute in Lagrangian for the interacting system

8L:/(§TS—I—V£—|—VM—|—VXC—)\> opdr =0
p

effective potential function of true potentials

Veff.(r) = V., (r) + Velg([p], r) + Vxc(lpl,r)



Density functional theory

minimize Lagrangian of non-interacting electron system

oL ot Tp] — / ({pr + peft )\> dp(r)dr =0

kinetic energy potential of non-interacting electrons

0

—Tg = -Vt 4 )\
op ° i

substitute in Lagrangian for the interacting system

0
8L:/<apTS—|—V€Ig—|—V€n+ch—)\> dpdr = 0

to arrive at expression for the Kohn-Sham “effective” potential

Veﬂ-‘.(r) _ Ven(r) + Velg([p], I’) + VXC([P]; I')



Density functional theory

Practical Kohn-Sham DFT scheme
Step |:guess density ,O(I')

Step 2: construct effective potential with chosen exchange-correlation potential

Veff.(r) — Ven (I‘) + Velg([p]v I') + VXC([IO]7 I‘)
Step 3a: solve the Schrodinger equation for non-interacting electrons
1 €
(—5 V2 + V)gi(r) = cigi(r)

Step 3b: compute new density & kinetic energy

p(r) = Z ’@(T)P

n 1 n )
Tslp) = 3 (0 = 5 V2160 = > = [ VI @)p(r)dn
Step 4: goto step 2, until convergence is reached

final energy:

Blool = 3 ei - / V() po(r)dr + Eenlpo] + EX[po] + Exclpo



Density functional theory

Exchange-correlation functionals (“Jacob’s ladder™)

Local Density Approximation

EX2Ap(r)) = [ flp(w)ldr
VWN

Generalized Gradient Approximation (GGA)

ESGA [p(r)] = / Flo(r), Vp(r)dr
PWO9lI, PBE, BLYP

Meta-GGA
EMeta GGA /f v2 ( )]d
MO6-L
Hybrid (W|th fraction of Hartree Fock exchange)
EHyb“d / flp )]dr + aEY"
PBEO, B3LYP

Range-separated (fraction of HF exchange depends on distance)

CAM-B3LYP, LC-wPBE



Quantum Monte Carlo

Variational Monte Carlo

expectation value of energy
[ Wi (r, {a}) HYr (x {a})dr _
| \If* r, {a})Vr(r, {})dr

importance sampling (Monte Carlo)

EQ(a}) 2 B

local energy

) W (r) @
P = (e e i
HUp(r)

e o 4
Ur(r)

Sampling of energy, optimise coefficients in wave function

EL(I') -




Quantum Monte Carlo

Variational Monte Carlo

wave function
U (x) = exp[J(x)] Z ¢; D;(x)

determinant (antisymmetric) of molecular orbitals (again!)

p1(x1)  pr(x2) o @1(Xs)
Dy(x) = | P2X1) #a(X2) o pa(Xn)
pu(x1) pul(x2) o Pulxa)

Jastrow factor (electron-electron, eln-nuc, eln-eln-nuc, ...)

N N[ N NI

ZUTZ] _|_> >1XI T’LI _|_> >1fl TZ]7TZI7T]I)

1> 1=1 I=1 1>7 I=1




Quantum Monte Carlo

Diffusion Monte Carlo

propagate Schrodinger equation in imaginary time

i(‘)\IJ(r,t) = —1V2\If(r,t) + V(r,t)¥(r,t)
ot 2
T =1t

diffusion equation of electronic positions and rate equation)

OUPMC (R ¢)
ot

project out ground state

= V(e 7) + (V(r) — Br) (e b



Quantum Monte Carlo

Diffusion Monte Carlo

propagate Schrodinger equation in imaginary time

OUPMC (R ¢ 1
B o) () - Eow )
expansion in (unknown) eigenstates
U(r,t) = Z Cnhy, (r)e~ H{En =Bt
n=0
U(r,7) = Z Cphn (r)e” (En =BT
n=0

with ' = F» we can single out sround state in diffusion process
T 0 8 8 P

U(r,7) = cotbo(r) + Y cnthp(r)e” Fn=Fo)7
n=1



Some practical guidelines

Basissets
STO-3G too small

6-3 1 G* & 6-3 |1 G** reasonable results

DFT often less sensitive to basisset

often better than cc-pVDZ
higher accuracy with cc-pVTZ, better than 6-31 1 G**, etc.

diffuse functions (aug- or +)
anions
excited states

dispersion bound complexes



Some practical guidelines

Methods
prefer DFT over HF
HF < DFT ~ MP2 < CCSD < CCSD(T)

MPn may not converge with n
beyond MP2, use CC

CASSCF/CASPT?2

bond breaking, diradicals, excited states, transition metals

DFT can be dangerous

HFE semi-empirical and DFT fail for VDW complexes
MP2, CC, dispersion corrected DFT



Some practical guidelines
Always do!

check if SCF converged!
check for multiconfigurational character (MPn/CC:T2)

check if geometry converged
NMA analysis

minimum: all positive frequencies
transition state: one negative frequency.

non-covalent complexes: flat surface, difficult, go by hand

think of symmetry

optimization cannot break symmetry

know what to expect: think first

never trust the computer

CASSCF/CASPT?2

check final natural orbital density matrix

check for large orbital rotations



Gradients
Analytical derivatives
OE  OF S OF 0C,q
0X4 0X4 0C,a 0X 4
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Hartree Fock solution
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Hartree-Fock energy
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Gradients

Analytical derivatives

Hartree Fock energy
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Gradients

Analytical derivatives

orthogonality of RHF molecular orbitals
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Gradients

Analytical derivatives

Configuration interaction
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general gradient
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